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1. Introduction
It is generally believed that quantum chromodynamics (QCD) is the correct theory of
strong interactions. Because of the asymptotic freedom one can use perturbation theory
to explain short-distance properties of hadrons. At long distances, however, the theory
becomes strongly coupled exhibiting color confinement, and nonperturbative treatment is
clearly required.
As originally proposed by ’t Hooft [1], generalizing the gauge group of QCD to SU(N)
provides 1/N as the unique small expansion parameter if N is large (in reality, N = 3).
It is hoped that in the limit N → ∞ the problem simplifies enough to become tractable
(while still capturing the essential dynamics), and that a systematic 1/N expansion can
be developed around such a solution. Large-N expansion has indeed been a very fruitful
idea in various branches of physics (see, c.f., ref. [2]). In the physically most interesting
case of QCD, however, this approach has been successfully applied only in two space-
time dimensions, where ’t Hooft solved the N = ∞ problem for mesons by summing
an infinite set of planar diagrams [3]. The solution is given in the form of an integral
equation for meson spectrum and wave functions. In this approximation one finds an
infinite tower of stable mesons with asymptotically linearly growing mass. This model was
further studied by Callan, Coote and Gross [4], and by Einhorn [5] who showed that the
scattering amplitudes and the electromagnetic form factors are given completely in terms
of asymptotic color-singlet bound states, and that no free quarks appear in the physical
spectrum. More recently, Grinstein and Mende [6] extended the analysis of form factors to
the case of flavor changing currents and used the ’t Hooft model to explicitly illustrate their
earlier argument that semileptonic B decays in the four-dimensional theory are dominated
by a single pole in the combined limits N →∞,Mb →∞ and mπ → 0 [7].
In this paper we discuss effective hamiltonians for systematic 1/N expansion in QCD
using the light-cone quantization. The advantage of using light-cone quantization comes
from the fact that the light-cone vacuum is an exact eigenstate of the full hamiltonian. As
a result, light-cone Fock space methods become powerful tools in the study of relativistic
bound-state problems [8]. A nice feature of the large-N limit in this formulation is that
the corresponding bound-state equations become linear equations for the so-called light-
cone wave functions∗. The main idea of our approach is to construct a second-quantized
∗ The Fock space formulation of the 1/N expansion of QCD has been advocated some time
ago by C. Thorn [9].
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hamiltonian acting on the Fock space of mesons and glueballs defined by the solution of
the N = ∞ problem. As usual, this hamiltonian is defined by requiring the equivalence
of its matrix elements between the Fock space states to the matrix elements of the funda-
mental QCD hamiltonian between asymptotic states. This effectively defines the vertex
functions as nested commutators of the light-cone hamiltonian with the operators creating
asymptotic states. These commutators can be expressed solely in terms of the solutions
of the large-N eigenvalue problem. Because of the structure of the light-cone hamiltonian
and the light-cone Fock space, such effective hamiltonian will have only a finite number of
interaction terms, but with non-local vertices. Once the vertex functions are known one
can develop a systematic 1/N expansion by using the standard light-cone perturbation
theory. Our method is quite general and can be easily extended to the baryon sector, as
well as to higher dimensions, provided the planar solution is known.
We carry out this program explicitly for the meson sector of two-dimensional QCD.
Using the hamiltonian light-cone formalism is particularly useful in this case because it
eliminates the need to sum gluon diagrams which are summarized in the effective Coulomb
interaction by solving the gauge field constraint. We find only cubic and quartic interac-
tions and derive expressions for the vertex functions in terms of ’t Hooft functions. Since
solutions of ’t Hooft equation are not known in terms of standard functions, we can only
give numerical estimates of the vertex functions. We present several examples of these
vertex functions obtained numerically and discuss their properties relevant for the 1/N
expansion. Using the standard light-cone perturbation theory we study the 1/N correc-
tions to the meson spectrum and to the B-meson decay form factors, and find that 1/N
for N = 3 is indeed effectively a small parameter.
The outline of our presentation goes as follows. In sect. 2 we discuss the general struc-
ture of effective hamiltonians for the 1/N expansion in QCD, independent of the dimension
of space-time. In sect. 3 we review the light-cone quantization of two-dimensional QCD,
and write the full light-cone hamiltonian in terms of color-singlet operators. In sect. 4 we
rederive the bound-state equations for mesons and baryons in the large-N limit in order to
demonstrate power of the hamiltonian light-cone formalism which does not require sum-
ming diagrams. In sect. 5 we present the main result of our paper – construction of the
effective hamiltonian for mesons in two-dimensional QCD. As examples of possible appli-
cations of our formalism we study 1/N corrections to the meson spectrum in sect. 6 and
to the form factors in sect. 7. Finally, in sect. 8 we make some comments on the analytic
properties, and end with conclusions and a few general remarks in sect. 9. In the appendix
we collect explicit expressions for vertex functions.
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2. Effective hamiltonians
Given the N =∞ solution of QCD, it would be easy to rewrite the 1/N expansion in
a formal hamiltonian framework. The planar solution is known to be a free bosonic Fock
space of mesons and glueballs. Let us denote their creation operator generically by A†.
The asymptotic Hilbert space at N =∞ is then spanned by states of the form
A†i1 . . . A
†
in
|0〉 , [Ai, A†j] = δij , (2.1)
where the indices stand for the whole set of meson/glueball quantum numbers.
The perturbative physics in powers of 1/N depends on the matrix elements,
〈0|Aj1 . . . AjqHA†i1 . . . A
†
ip
|0〉 , (2.2)
where H is the full QCD hamiltonian. An equivalent second quantized hamiltonian acting
on the asymptotic Hilbert space (2.1) is easily constructed by matching the matrix elements
(2.2). The solution is,
Heff =
∑
p,q
1
p!q!
H(p,q)(j1, . . . , jq|i1, ..., ip)A†j1 . . . A
†
jq
Ai1 . . . Aip , (2.3)
with irreducible many-body interactions given by the matrix elements,
H(p,q)(j1, . . . , jq|i1, . . . ip) =
〈
0
∣∣Aj1 . . . Ajq[. . . [H,A†i1] . . .A†ip]∣∣0〉 . (2.4)
These quantities should be calculated from the fundamental quark-gluon theory. In par-
ticular, we must know the expressions for A†i in terms of the fundamental variables (wave
functions), which in turn is equivalent to diagonalization of the H(1,1) part of the effective
hamiltonian (the planar, N = ∞, problem). Of course, this is a formidable task in prac-
tice. As pointed out by Thorn [9], such Fock space representation of the 1/N expansion is
very involved in the standard equal-time quantization, although it simplifies considerably
if we adopt the light-cone quantization scheme [10] or, in more physical terms, if we look
at the system from the infinite momentum frame [11].
Let us briefly review Thorn’s argument. The main simplifying feature of the light-cone
hamiltonians is the absence of pure positive/negative frequency terms, with the result that
the Fock vacuum becomes an exact eigenstate of the full (interacting) hamiltonian. As
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far as 1/N power-counting is concerned we can forget about all quantum numbers except
color. The SU(N) structure for the glue sector of QCD is
HLC ∼ Tr(a†a) + 1√
N
Tr(a†a†a) +
1
N
Tr(a†a†aa) +
1
N
Tr (a†aa†a) + h.c. (2.5)
where a† is an N ×N operator-valued hermitian matrix of transverse gluon creators. It is
then easy to see that the N = ∞ eigenvalue equation closes on the subspace of invariant
states of the form
G†|0〉 =
∑
l
f(1, . . . , l)
1
N l/2
Tr(a†1 . . . a
†
l )|0〉 , (2.6)
which can be represented graphically as a superposition of closed strings each containing
l “partons”. The coefficients f(1, . . . , l) are usually referred to as the light-cone wave
functions. In fact, the complete set of “string” states (2.6) provides a plane-wave basis for
Wilson loop operators, and the glueball states are clearly built directly in loop space.
In the equal-time quantization, in addition to terms in eq. (2.5), the hamiltonian con-
tains pure positive frequency pieces, like 1√
N
Tr(a†a†a†). When these terms are included,
the N = ∞ problem closes on a much more complicated space of coherent states of in-
variant traces (previous string-like states). A simple 0-dimensional toy model from ref. [9]
illustrates this fact. The hamiltonian
H = ǫ0Tr (a
†a) +
1√
N
(
Tr (a†a†a†) + h.c.
)
(2.7)
has eigenvalue E = −N2ǫ0 for the eigenstate
|ψ〉 = exp
{
− N
3ǫ0
Tr
(
a†√
N
)3}
|0〉 .
The form of the coherent states of loops for the real problem (2.5) is not known,
and the large-N Fock space is too big even for numerical approach. As a result, the only
hamiltonian Fock space method that could work in practice is the light-cone one.
Using eqs. (2.4), (2.5) and (2.6) one easily finds the following structure of the effective
light-cone hamiltonian in the glueball sector:
Heff ∼ H(1,1)G†G+
1
2N
H(1,2)G
†G†G+
1
4N2
H(2,2)G
†G†GG+
1
6N2
H(1,3)G
†G†G†G+ h.c.
(2.8)
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The planar hamiltonian is defined by the one-particle sector in this expansion, H0 =
H(1,1)G
†G, and its diagonalization constitutes the large-N solution of the model. In gen-
eral, H(1,1) is a complicated integral kernel. For example, for fields in the adjoint represen-
tation it is given by an infinite hierarchy of integral operators, accounting for the interaction
of partons inside strings (2.6) of arbitrary length [12]. The working hypothesis in this whole
approach is that only a small number of partons contributes significantly to the low-lying
states. This goes under the name of light-cone Tamm-Dancoff approximation [13] and nu-
merical approaches, like the discretized light-cone method [8], automatically incorporate
such Fock space truncations. Encouraging evidence for the validity of this procedure is
found in the analysis of simple two-dimensional models with complicated loop space, like
two-dimensional QCD with adjoint matter [12].
The actual computation of the kernels (2.4) involves numerical analysis even in the
simplest possible case, the ’t Hooft model. However, an interesting general feature of the
light-cone effective hamiltonians (2.3) is that they contain only a finite number of vertices,
albeit non-local ones. These non-local vertices replace the infinite tower of higher-derivative
operators in usual local expansions of effective lagrangians. The relation between our light-
cone hamiltonians and the standard covariant effective lagrangians is very much the same
as the relation between light-cone string field theory and covariant string field theory: the
former has only cubic interactions while the latter has a non-polynomial action.
As a final remark, we point out that by construction (2.4) only depends on the me-
son/glueball quantum numbers, while the fundamental hamiltonian H depends on all
quark/gluon quantum numbers. Thus, deriving (2.4) involves “integrating out” part of
the microscopic degrees of freedom, justifying the use of the word “effective”. However,
it is important to note that no low-energy expansion is assumed, at least in principle, as
long as the large-N problem is solved exactly. The nature of the approximation is more
similar to the Born-Oppenheimer method, where fast and slow variables are decoupled
at the level of wave functions. The effective hamiltonians considered here give the exact
answer for perturbative questions about the free asymptotic Fock space, like 1/N correc-
tions to scattering amplitudes and self-energies, but their description of “nuclear physics”
is only approximate. For example, exotics would be treated as meson bound states, rather
than four-quark bound states, in exact analogy with the Born-Oppenheimer decoupling in
molecular physics.
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In the remainder of this paper we study in detail the effective light-cone hamiltonian
for two-dimensional QCD. In this case one can integrate out the gluons by solving the
light-cone gauge constraint, and the large-N Fock space has a simple structure encoded in
the solutions of ’t Hooft’s bound-state equation. This model illustrates many of the issues
involved in the large-N approach and the structure we find is very similar to the one of
four-dimensional QCD in the valence approximation (constituent quark model).
3. The two-dimensional model
In this section we review the light-cone quantization of two-dimensional QCD with
Nf flavors of quarks in the fundamental representation of SU(N), and fix the notation to
be used throughout the paper. The model is given by the lagrangian,
L = −1
4
TrF 2 +
Nf∑
j=1
ψ¯j(i /D −mj)ψj , (3.1)
where iDµ = i∂µ − gAaµT a, and the SU(N) generators, T a, are normalized as
Tr (T aT b) = δab , (3.2a)∑
a
T aαβT
a
γδ = δαδδβγ −
1
N
δαβδγδ . (3.2b)
We shall work in the light-cone coordinates x± = (x0 ± x1)/√2, and use the following
representation for γ-matrices: γ0 = σ2, γ
1 = iσ1. The light-cone hamiltonian, P
−, and
momentum, P+, are given by
P∓ =
∫
x+=const.
T+∓ , (3.3)
where Tµν is the energy-momentum tensor. In the light-cone quantization one takes x+ =
const. as initial value surfaces for the light-cone hamiltonian.
In the studies of gauge theories on the light cone, it is most convenient to work in the
light-cone gauge, A− = 0, which introduces the following constraints:
iγ−∂−ψj =
1
2
mjγ
−γ+ψj ,
(i∂−)2Aa+ = g
Nf∑
j=1
ψ¯jγ
+T aψj ,
Nf∑
j=1
∫
x+=const.
ψ¯jγ
+T aψj | phys 〉 = 0 .
(3.4)
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The first constraint projects out a component of the quark field and it is purely kinematical.
The solution of the second constraint,
Aa+ = g
Nf∑
j=1
1
(i∂−)2
ψ¯jγ
+T aψj , (3.5)
induces the well-known Coulomb potential between the fermion currents, which is respon-
sible for all the static properties of the model. The zero-mode of the gauge field Aa+ does
not enter the second constraint. Direct integration over this zero-mode leads to the third
constraint which restricts the Fock space states to color singlets. The last two constraints
therefore entail the confinement property of the model. After solving constraints (3.4) the
light-cone hamiltonian reads,
P− =
∫
x+=const.
(∑
j
m2j√
2
ψ†j
1
i∂−
ψj + g
2
∑
j,k
(ψ†jT
aψj)
1
(i∂−)2
(ψ†kT
aψk)
)
, (3.6)
and the light-cone momentum is given by,
P+ =
i√
2
∑
j
∫
x+=const.
ψ†j
↔
∂− ψj . (3.7)
In eqs. (3.6) and (3.7) ψj represents physical degree of freedom – the projected out fermion
field: ψj → 12 γ−γ+ψj .
In order to exhibit the 1/N power counting, it is convenient to rewrite P− in a Fock
space representation. This is straightforward upon introducing the mode expansion:
ψj,α =
1
21/4
∫ ∞
0
dk+√
2π
(
bj,α(k
+) e
−ik+x−
+ d†j,α(k
+) e
ik+x−)
, (3.8)
where α is a color index, and the operators b and d satisfy canonical anticommutation
relations:
{bi,α(k+), b†j,β(p+)} = {di,α(k+), d†j,β(p+)} = δαβ δij δ(k+ − p+) . (3.9)
(The normalization of ψ is chosen to close the Poincare´ algebra.) To simplify notation we
introduce a collective index k ≡ (k+, i) to denote both momentum k+ and the flavor index
i. In this notation ∫
dk ≡
Nf∑
i=1
∞∫
0
dk+ .
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After normal ordering the fermion bilinears, the light-cone hamiltonian (3.6) can be
written in the creation–annihilation basis in terms of color-singlet operators:
M †kk′ ≡
√
N
∑
α
b†α(k) d
†
α(k
′) ,
Mkk′ ≡
(
M †kk′
)†
,
Bkk′ ≡
∑
α
b†α(k) bα(k
′) ,
Dkk′ ≡
∑
α
d†α(k) dα(k
′) .
(3.10)
These operators have obvious physical meaning. For example, M †kk′ (Mkk′) creates (an-
nihilates) a meson in which quark of flavor i carries momentum k+, while the antiquark
of flavor i′ carries momentum k′+. Similarly, Bkk′ (Dkk′) counts the number of quarks
(antiquarks). It is convenient to write P− as a sum of three terms,
P− = T + V + Vsing . (3.11)
The kinetic energy, T , is given by
T =
Nf∑
j=1
m¯2j
2
∫
dk+
k+
(
Bkk +Dkk
)
, (3.12)
with the renormalized mass
m¯2j = m
2
j −
g2N
π
(
1− 1
2N2
)
. (3.13)
The potential energy, V , is given by
V =− g
2N
4π
∫
dk dk′ dp dp′
(
KMMM †kk′Mpp′ +KMBM †kk′ Bpp′
+KMDM †kk′ Dpp′ +KBDBkk′ Dpp′ +KBBBkk′ Bpp′
+KDDDkk′ Dpp′ + h. c.
)
,
(3.14)
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with the kernels given explicitly by:
KMM =
[
δijδi′j′
(k+ − p+)2 +
1
N
δii′δjj′
(k+ + k′+)2
]
δ(k+ + k′+ − p+ − p′+) ,
KBB = KDD = 1
2N
[
δij′δji′
(k+ − p′+)2 +
1
N
δii′δjj′
(k+ − k′+)2
]
δ(k+ − k′+ + p+ − p′+) ,
KMB = 2√
N
[
δij′δji′
(k+ − p′+)2 +
1
N
δii′δjj′
(k+ + k′+)2
]
δ(k+ + k′+ + p+ − p′+) ,
KMD = − 2√
N
[
δijδi′j′
(k+ + p+)2
+
1
N
δii′δjj′
(k+ + k′+)2
]
δ(k+ + k′+ + p+ − p′+) ,
KBD = − 1
N
[
δijδi′j′
(k+ + p+)2
+
1
N
δii′δjj′
(k+ − k′+)2
]
δ(k+ − k′+ + p+ − p′+) .
(3.15)
The singular term, Vsing, reads
Vsing =
g2N
4π
Nf
N
(∫
dk+1 dk
+
2
δ(k+1 − k+2 )
(k+1 − k+2 )2
) ∫
dk
(
Bkk +Dkk
)
+O(N2) . (3.16)
The constant term O (N2), which we did not write down explicitly, is an infinite vacuum
energy and appears as a result of our choice of normal ordering. Had we started with
the completely normal-ordered hamiltonian, : P− :, we would obtain a finite result with
unshifted mass (m¯j = mj). In fact, the precise definition of the quark mass (being the
mass of a colored object) is a matter of convenience. In the next section we will comment
more on this issue. The singular term (3.16) arises because of our convention to write BB
and DD terms in (3.14) as color singlet operators, and it cancels against similar terms in
V when we compute matrix elements between meson states. This completes the definition
of the model which we study in the rest of this paper.
4. The ’t Hooft equation
In this section we summarize the large-N solution of two-dimensional QCD found by
’t Hooft [3]. We emphasize the power of the light-cone method in deriving bound-state
equations, since no diagrams need to be considered. In fact, all gluon diagrams are summed
over by means of the effective Coulomb interaction (3.5) (see ref. [14]).
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According to 1/N power counting in eq. (3.15), the dominant term in the interaction
hamiltonian corresponds to the MM interaction,
VMM = −g
2N
2π
∫
KMMM †kk′Mpp′ . (4.1)
It is now straightforward to recover ’t Hooft equation by evaluating the action of the
operator VMM on general one-meson states of the form,
|φ, jj′, P+〉 =
√
P+
∫ 1
0
dx φ(x)M †(xP+, j; (1− x)P+, j′) |0〉 . (4.2)
This is a normalized one-meson state with total light-cone momentum P+, light-cone wave
function φ(x) and flavors j and j′ for quark and antiquark, respectively. The variable x has
the physical interpretation of the fraction of light-cone momentum carried by the quark.
So, to leading order in 1/N the action of P− on the wave function φ(x) is given by
P−[φ] =
1
2P+
[(m2j
x
+
m2j′
1− x
)
φ(x)− g
2N
π
−
∫ 1
0
dy
φ(y)− φ(x)
(x− y)2
]
+O
(
1√
N
)
. (4.3)
Here we have absorbed the mass shift m¯2 = m2 − g2N/π into the integral operator by
means of the identity,
−
∫ 1
0
dy
(x− y)2 = −
1
x(1− x) .
As it was previously announced, the action of the divergent piece on the hamiltonian Vsing
on meson states is completely cancelled by contributions from the BB and DD terms. In
eq. (4.3) we deal with the infrared divergences of the potential energy by means of the
principal value analytic regularization, which is known to give the correct physical results
for this theory [15].
There are corrections to the bound-state equation coming from the subleading “sin-
glet” terms in the MM , BB, DD and BD kernels. Their total effect amounts to a simple
renormalization of the coupling constant g2 → g¯2 = g2(1 − 1/N2). As a result, the 1/N -
corrected bound-state equation, µ2 = 2P+P−, reads:
µ2nφn(x) =
(m2j
x
+
m2j′
1− x
)
φn(x)− g¯
2N
π
−
∫ 1
0
dy
φn(y)− φn(x)
(x− y)2 . (4.4)
This is the standard ’t Hooft equation with a definition of constituent quark mass com-
patible with the appearance of a pion in the chiral limit. Namely, as m → 0 then φ = 1
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becomes a solution with µ = 0. Other, less “physical”, definitions of the quark mass are
also possible. For example, in the totally normal-ordered hamiltonian m is not shifted by
the coupling constant and the large-N chiral symmetry point would be at m2 = −g2N/π.
We have seen that 1/N corrections to the ’t Hooft equation coming from the one-
meson sector are relatively mild and amount simply to a redefinition of the coupling. In
fact, these corrections are kinematical and do not occur for a U(N) gauge group, since
they ultimately come from the traceless character of the generators (3.2b). The remaining
1/N corrections are non-trivial and correspond to meson exchange, as will be discussed in
sect. 6.
The power of the light-cone method in deriving bound-state equations is not restricted
to the meson sector. As an illustration we quote here the bound-state equation for baryons
in the large-N limit [16], which can be derived by acting with P− on baryon states of the
form,
|B〉 =
∫
{k}
φ(k1, ..., kN)
1√
N !
ǫα1...αN b†α1(k1) . . . b
†
αN
(kN )|0〉 .
Here we consider a single flavored “proton” for simplicity. Acting on this type of states
only the BB term in V contributes to leading order and we obtain,
µ2
2P+
φ(k1, . . . , kN ) =
N∑
i=1
m¯2
2ki
φ(k1, . . . , kN )
− g
2N
2π
N∑
i<j
1
N
−
∫
dp
φ(k1, . . . , p, . . . , ki + kj − p, . . . , kN )
(p− ki)2 .
This is a relativistic hamiltonian equation describing pairwise interactions of order 1/N
among N quarks, as expected on physical grounds. The Hartree approximation proposed
by Witten [17] in a non-relativistic context can be implemented in this relativistic model
in explicit hamiltonian form. Finally, we note that an effective hamiltonian to compute
interactions could be derived along the lines of sect. 2, with selection rules,
1
N
Heff ∼ H(1,1)B†B + 1
4
H(2,2) B†B†BB + 1√
N
HBM(M†B†B + B†BM) ,
where the last term corresponds to meson emission by baryons.
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5. Effective meson hamiltonian
In this section we construct the effective hamiltonian which summarizes the 1/N
expansion of two-dimensional QCD. The derivation follows the general discussion in sect. 2,
with the meson creation operators given by:
M†(n, jj′, P+) =
√
P+
∫ 1
0
dx φn(x)M
†(xP+, j; (1− x)P+, j′) , (5.1)
where φn(x) is the solution of the bound-state equation (4.4). These operators are nor-
malized to leading order as,
[M(n, jj′, P+),M†(m, ll′, Q+)] = δnmδjlδj′l′δ(P+ −Q+) . (5.2)
The commutator of M and M† contains some subleading extra terms corresponding to
the fact that the states M†|0〉 as defined in (5.1) are orthonormal only in the large-N
limit. However, within 1/N perturbation theory we are interested in matrix elements of
the hamiltonian in the N =∞ orthonormal basis. Therefore, when computing the nested
commutators in (2.4) we use (5.2), neglecting 1/N corrections to the normalization of the
asymptotic states. In this way we always work with the planar asymptotic states and
ensure the consistency of the method.
Using the basic commutators,
[
Bkk′ ,M
†
pp′
]
= δk′pM
†
kp′ ,[
Dkk′ ,M
†
pp′
]
= δk′p′M
†
pk ,
(5.3)
the computation of the nested commutators in (2.4) is long but entirely straightforward.
We find the following structure:
P−eff = H(1,1)M†M+
1
2
√
N
(
H(1,2) +
1
N
H ′(1,2)
)
(M†M†M+M†MM)
+
1
4N
(
H(2,2) +
1
N
H ′(2,2)
)
M†M†MM ,
(5.4)
where the primes refer to the “singlet” subleading terms in the kernels (3.15). An in-
teresting feature of this hamiltonian is that it has only a finite number of terms (cubic
and quartic interaction). This is so because in the light-cone gauge both single-meson
states (5.1) and the fundamental QCD hamiltonian (3.12), (3.14), (3.16) are polynomials
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in M,M †, B,D. From the properties of commutators (5.2) and (5.3) it then follows that
the nested commutator will eventually vanish. In the equal-time formalism meson states
are complicated “coherent” states in terms of M † and it is not a priori obvious that the
effective hamiltonian would terminate.
After solving the ’t Hooft equation, H(1,1) becomes the standard kinetic energy for
free mesons,
P−eff,0 =
∑
n(jj′)
∫ ∞
0
dP+
µ2n(jj
′)
2P+
M†(n, jj′, P+)M(n, jj′, P+) . (5.5)
The three-meson coupling picks contributions only from the M †B and M †D terms,
1√
N
H(1,2) +
1
N
√
N
H ′(1,2) ∼
〈
0
∣∣MM[VMB + VMD,M†]∣∣0〉 , (5.6)
while the four-meson vertex depends on the BB, DD and BD terms,
1
N
H(2,2) +
1
N2
H ′(2,2) ∼
〈
0
∣∣MM[[VBB + VDD + VBD,M†],M†]∣∣0〉 . (5.7)
Before writing the answer for the vertices it is convenient to introduce some notational
devices. Let us define the charge conjugation operator, C, which interchanges quarks and
antiquarks (b† and d† operators). Acting on wave functions and flavor indices we have,
C[f(j, j′)φ(x)] = f(j′, j)φ(1− x) . (5.8)
This operator simplifies the computations because it relates the kernels in (3.14) as
C(KMB) = −KMD and C(KBB) = KDD. We also define the permutation operators PL
(PR) on initial (final) labels, with obvious action on all quantum numbers and variables.
Finally, from all vertices we extract a factor of the form:
1
Npower
H(in,out) =
g2N
π
δ(P+in − P+out)∏
legs,l
√
P+l
[in→ out] . (5.9)
We classify vertices by the different flavor structures. For the leading three-meson
interactions (5.6) we find two independent flavor structures which we write as
[
L→ R1R2
]
=
1
2
√
N
(1 + PR) δℓr1δℓ′r′2δr′1r2 T (L|R1R2;ω)
+
1
2N
√
N
(1 + PR) δℓr1δℓ′r′1δr2r′2 T ′(L|R1R2;ω) .
(5.10)
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For example, the two flavor structures of the leading term in eq. (5.10) explicitly read:
δℓr1δℓ′r′2δr′1r2 T (L|R1R2;ω) + δℓr2δℓ′r′1δr′2r1 T (L|R2R1; 1− ω) .
In the above formulae ℓ, L labels refer to initial particles and r, R to final ones. Also
ω ≡ P+r1/P+out denotes the light-cone momentum fraction carried by particle R1. T is a
convolution of wave functions which determines all leading form factors [5], and T ′ is the
subleading triple-meson vertex. All vertex functions are explicitly listed in Appendix A.
Regarding the four-meson vertices (5.7) we separate BB+DD and BD contributions.
In the first case there are two flavor structures coming from both the leading and the singlet
terms:
[
L1L2 → R1R2
]
B2+D2
=
1
2N
(1 + PR)
[
δℓ1r1δℓ′1r′2δℓ2r2δℓ′2r′2 FB2+D2(L1L2; z|R1R2;ω)
]
+
1
2N2
(1 + PR)
[
δℓ1r1δℓ′1r′1δℓ2r2δℓ′2r′2 F
′
B2+D2(L1L2; z|R1R2;ω)
]
,
(5.11)
where z ≡ P+ℓ1/P+in is the analog of ω for the initial state. Finally, from the BD terms we
find four leading flavor structures and two subleading ones:
[
L1L2 → R1R2
]
BD
=
1
4N
(1 + PL + PR + C)
[
δℓ1r1δℓ′1ℓ2δℓ′2r′2δr′1r2 FBD(L1L2; z|R1R2;ω)
]
+
1
2N2
(1 + PR)
[
δℓ1r1δℓ2r2δℓ′2r′2δℓ′1r′1 F
′
BD(L1L2; z|R1R2;ω)
]
.
(5.12)
(b)(a) (c)
Fig. 1: Graphical representation of vertices (5.10), (5.11) and (5.12).
We represent vertices (5.10), (5.11) and (5.12) graphically as shown in figs. 1a, 1b and 1c,
respectively.
With the explicit expressions for the vertex functions, T and F , listed in Appendix A,
we have completed the description of the effective meson hamiltonian of two-dimensional
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QCD, which may now be used to compute systematic 1/N corrections to meson scattering
amplitudes and spectrum.
The solutions of ’t Hooft equation are not known analytically and we can only evaluate
our vertex functions numerically. To solve ’t Hooft equation we used the Multhopp’s
method to transform it into an infinite system of algebraic equations which is then solved
approximately by truncation. This method was first applied to eq. (4.4) in ref. [18], and
later used in refs. [6,19]. (For a nice summary of the method which we closely follow, see
appendix of ref. [19].) For moderate mass of the light quark results are independent of
truncation already with several hundreds of equations. Near the chiral limit (mq → 0),
the convergence becomes quite slow and the discretized light-cone method may be a better
option. Some examples of T functions can be seen in fig. 5 in sect. 8.
Since we have a light-cone hamiltonian we must use light-cone perturbation theory,
which is in fact a time-ordered perturbation scheme (see, c.f., ref. [8]). It is very similar
to old-fashioned perturbation theory, although it is much simpler due to the absence of
vacuum subgraphs (there are no pure positive/negative frequency terms in the light-cone
hamiltonian). It is defined through the Born expansion of the complete propagator between
light-cone wave functions:
〈
out
∣∣∣ 1
E − P−eff + i0
∣∣∣ in〉 = 〈 out ∣∣∣ 1
E − P−0 + i0
∣∣∣ in〉
+
〈
out
∣∣∣ 1
E − P−0 + i0
P−I
1
E − P−0 + i0
+ . . .
∣∣∣ in〉 .
(5.13)
Here E ≡ i∂/∂x+ is the light-cone energy operator, and we split the effective hamiltonian
into free and interaction parts
P−eff = P
−
0 + P
−
I ,
with P−0 given by (5.5). We evaluate (5.13) by inserting the spectral decomposition of
unity between any two interactions:
1 =
∑
{n(jj′)}
∫
{dP+} M
†
1 . . .M†K |0〉〈0|M1 . . .MK
K!
.
This algorithm determines the corresponding graphical rules, which have the same
symmetry factors as the Feynman rules once the factor 1/p!q! has been extracted from each
vertex as in eq. (2.3). One could also recover this perturbative expansion from covariant
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perturbation theory in the fundamental quark/gluon variables. After going to the light-
cone gauge, the integrals over intermediate k− components of momenta can be evaluated
by residue calculus. For each pole one finds the corresponding time-ordered process of
light-cone perturbation theory. Within Feynman’s iǫ prescription and ’t Hooft’s principal
value prescription one can explicitly show the equivalence diagram by diagram [20]. The
main advantage of our method is that the gluons are integrated out from the very beginning
and there is no need to consider Bethe-Salpeter techniques.
6. 1/N corrections to the spectrum
With the effective hamiltonian (5.4) at hand we may compute the mixing mass matrix
for mesons in light-cone perturbation theory by the usual procedure of summing the one-
particle irreducible (1PI) geometric series for the propagator:
(
1
p2 − µ2
)
n,n′
=
(
1
p2 − µ(0)2 − Σ(p2)
)
n,n′
and we obtain the mixing matrix:
µ2nn′ = µ
(0)2
n δnn′ +Σnn′(p
2) , (6.1)
where µ
(0)2
n stands for the large-N spectrum of eq. (4.4). The leading 1/N contribution to
the self-energy matrix Σnn′ comes from bubble diagrams with three-meson vertices (5.10).
Let us consider, as an example, a two-flavor model with heavy (Q) and light (q) quarks.
We can then form two-dimensional analogs of pions (qq¯), B mesons (Qq¯), B¯ mesons (qQ¯)
and ηb mesons (QQ¯).
m,k m,k
Bk ηk
n’
B n’BBn
m
Bn
B
(a) (b)
pi m
Fig. 2: Diagrams contributing to Bn–Bn′ mixing.
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For example, to leading order there is no B–π or B–η mixing. The leading contribu-
tions to Bn–Bn′ mixing are given by the diagrams in fig. 2. For the physical values of the
masses, diagrams in fig. 2b are strongly supressed compared to those in fig. 2a. We quote
here the result for π,B exchange – diagram 2a:
Σnn′(p
2)
∣∣∣∣
B,π channel
= − 1
N
(
g2N
π
)2
1
p2
∑
k,m
∫ 1
0
dz
T (Bn|Bkπm; z)T (Bn′ |Bkπm; z)
(z − z+)(z − z−) ,
(6.2)
where
z± =
1
2p2
(
p2 + µ+µ− ±
√
(p2 − µ2+)(p2 − µ2−)
)
,
and µ± ≡ µ(0)k ± µ(0)m , with the standard iǫ prescription implicit in (6.2). This formula
clearly exhibits the threshold structure. In particular, in a low-energy approximation we
may simplify expression (6.2) by setting the vertex functions equal to the on-shell values
Tnkm, and we get the standard form of the bubble diagram:
Σnn′(p
2) ≃ − 1
N
(
g2N
π
)2∑
k,m
TnkmTn′km√
(p2 − µ2+)(p2 − µ2−)
log


√
µ2+ − p2 +
√
µ2− − p2√
µ2+ − p2 −
√
µ2− − p2


2
,
where we recognize the usual threshold function.
We have calculated numerically several elements of the Σ-matrix as given by formula
(6.2) for three different values of the light quark mass: m2q = 0.3136, 0.1, 0.01 , and for the
heavy quark mass m2Q = 2000. In the units g¯
2N/π = 1, the large-N value of the B meson
ground state mass is found to be µ
(0)2
B = 2121, 2101, 2089, respectively. The on-shell values
of Σ00 for N = 3 are found to be: −52,−318,−1560. (Note the negative sign, typical of
second order perturbation theory about the ground state.) We have checked that the
contributions with larger values of the excitation numbers, k and m, in eq. (6.2) quickly
become very small. We note, however, that the largest contributions to Σ00 come from
diagrams involving odd B-resonances in the intermediate state, and similar results are
obtained for Σ11 and Σ22. The vertex functions with odd B-resonances in the final state
become very large as we approach the chiral limit for the light quark mass. In addition,
the bubble diagram for the diagonal elements of the self-energy matrix is anomalously
large, because the T functions enter squared, and no destructive interference between the
vertices occurs. This symmetry enhancement is not present for the off-diagonal elements
of the self-energy matrix. For example, for the mixing between the first B-resonance and
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the fundamental state we find Σ01 = 7, 116, 760 for the different light quark masses. We
see that the mixings are much smaller than the diagonal level shifts, but still, they seem to
blow up as we approach the chiral limit mq → 0. These uncontrolable large corrections for
light quark mass do not mean that the 1/N expansion is sick, but rather that the chiral
limit does not survive 1/N corrections. In fact, the renormalization procedure that fixes
the quark masses must be repeated at any order in the perturbative expansion, and the
large values of the self-energy matrix translate into large renormalizations of the quark
masses, but still small overall corrections to the physical spectrum.
To see how this works, let us denote by σn(p
2) the eigenvalues of the self-energy
matrix. These quantities depend on p2 and also on the dimensionless parameters of the
the ’t Hooft equation:
xq =
πm2q
g¯2N
, xQ =
πm2Q
g¯2N
. (6.3)
To any order in 1/N the quark masses are determined by fitting the mass of the funda-
mental states π0 and B0 to the “experimental” pion and B meson masses:
µ
(0)2
0 (xq, xQ) + σ0(xq, xQ, µ
2
0) = µ
2
0 . (6.4)
Taking µ0 to be the mass of pion or B meson we get two equations that fix xq and xQ.
The rest of the spectrum µ2n is then obtained from the following implicit equation:
µ(0)2n (xq, xQ) + σn(xq, xQ, µ
2
n) = µ
2
n . (6.5)
We can illustrate the renormalization of the quark masses in a simple example. For
a qualitative discussion, let us neglect the heavy quark mass running and fix xQ = 2000.
We will consider the contribution to the light quark renormalization coming from the B-
resonances only, and furthermore neglect the off-diagonal mixings. We define the mass of
the fundamental B meson to be:
2101 = µ
(0)2
0 (xq = 0.1) .
This equation means that the mass of the light quark at N = ∞ is taken to be xq = 0.1.
The 1/N -corrected value of xq is obtained by solving the equation (6.4)
2101 = µ
(0)2
0 (xq) + σ0(xq, p
2 = 2101) .
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A simple estimate follows from linear interpolation between two points: at xq = 0.1,
σ0(p
2 = 2101) ∼ Σ00(p2 = 2101) ∼ −320, and at xq = 0.3136, σ0(p2 = 2101) ∼ −52. This
results in an estimate of the renormalized quark mass of xq ≃ 0.34. We obtain a larger
mass, for which the self-energy corrections are again small. For this value of the quark
masses, the typical shifts found from equation (6.5) for N = 3 are,
δµ2n
µ2n
∼ 2.5% .
So, taking into account that the self-energy diagram is anomalously large, as explained
before, we see that the typical 1/N corrections are small, and the apparent singularity for
very light quarks simply means that the interacting theory restores the chiral symmetry,
if broken in the free N = ∞ theory. In general, the fact that the self-energy corrections
are large and negative as mq → 0, implies that the chiral symmetry renormalization point
mq = 0 is unstable under 1/N corrections, and the whole picture agrees with Coleman’s
theorem, which forbids spontaneous symmetry breaking in two dimensions.
As a final comment, we point out that σn also induces a wave function renormalization,
Zn =
1
1− ∂σn∂p2 (p2 = µ2n)
, (6.6)
which in turn amounts to extra 1/N corrections to the vertices, to be added to the trivial
1/N2 correction coming from the renormalization of g → g¯:
T (L|R1R2)→
√
ZLZR1ZR2 T (L|R1R2) , (6.7)
and similarly for the F functions.
7. 1/N corrections to form factors
The planar limit of the electromagnetic form factors of (1 + 1)-dimensional QCD
was derived in ref. [5]. Recently, in ref. [7], the analysis was extended to the case of flavor
changing currents, in order to simulate semileptonic heavy meson decays in two dimensions.
According to ref. [7] the form factors for semileptonic decays of B mesons are single-pole
dominated in the combined limits: N →∞,Mb →∞ and mπ → 0 in the four-dimensional
theory. The argument goes schematically as follows: one first writes the form factor as a
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superposition of pole terms, according to the spectral decomposition at N = ∞ (narrow
width approximation),
F (q2) ∼
∑
n
Cn
q2 − µ2n
,
and then uses the heavy quark limit to prove the vanishing of all C’s but one, by means
of chiral Ward identities.
This argument was tested in ref. [6] in planar two-dimensional QCD. It turns out
that the heavy quark mass limit is not neccesary in two dimensions due to the constrained
kinematics, and the single pole dominance is easily obtained in the chiral limit for the
pions. The nature of the 1/N corrections to this behavior can be easily studied using
the formalism we have developed here. As an example, we will again consider a two-flavor
model as in sect. 6. Since two-dimensional vector and axial currents are dual of each other,
we only need to consider the coupling of mesons to the flavor-changing vector current:
JµQq = ψ¯Qγ
µψq .
In order to derive effective meson–current vertices to be used in the 1/N perturbation
theory, we will couple the quark current to a background vector field in a minimal fashion:
P−Qq = e
∫
x+=const.
(
JµQqWµ + h.c.
)
. (7.1)
After solving for the physical fermion fields we have,
P−Qq = e
√
2
∫
x+=const.
(
: ψ†Qψq : W+ +
mqmQ
2
:
( 1
i∂−
ψQ
)†( 1
i∂−
ψq
)
:W− + h.c.
)
. (7.2)
Defining a Fock space for the vector bosons,
W+ = (W−)† =
1√
2π
∫ ∞
0
dk+√
2k+
(
a(k+) e
−ik+x−
+ a†(k+) e
ik+x−
)
,
[a(k+), a†(k′+)] = δ(k+ − k′+) ,
(7.3)
we derive a meson-vector boson effective hamiltonian along the lines of sect. 2 with the
result:
P−Qq,eff =
√
N
(
H(M→W ) a†M+H(W→M)M†a
)
+H(M→M+W ) a†M†M+H(M+W→M)M†Ma .
(7.4)
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An interesting feature of this hamiltonian is the absence of directW →M+M orM+M →
W transitions. This fact will be of some significance in the sequel. The effective vertices
in (7.4) may be computed from the general formula (2.4), with the result:
• B −W± mixing:
H+
[
Bn(P
+)→W+(q+)] = e
2π
δ(P+ − q+) 1√
P+
∫ 1
0
dxφBn(x) ,
H−
[
Bn(P
+)→W−(q+)] = − e
2π
δ(P+ − q+) mqmQ
2q+
√
P+
∫ 1
0
dx
φBn(x)
x(1− x) ,
(7.5)
• W± emission by Q (z ≡ q+/P+B ):
H+
[
Bn(P
+
B )→ πm(P+π ) +W+(q+)
]
=
e
2π
δ(P+B − q+ − P+π )
√
P+π
P+B
1
q+
×
∫ 1
0
dxφBn(z + (1− z)x)φπm(x) ,
H−
[
Bn(P
+
B )→ πm(P+π ) +W−(q+)
]
=
e
2π
δ(P+B − q+ − P+π )
√
P+π
P+B
1
q+
× mqmQ
2P+π P
+
B
∫ 1
0
dx
φBn [z + (1− z)x]φπm(x)
(1− x)[1− z − (1− z)x] .
(7.6)
Analogous expressions hold for W± emission by q¯, with the following modifications of
(7.6): there is an overall minus sign, πm is substituted by ηm in the final state, and
z + (1− z)x→ (1− z)x inside the integrals.
Given the complete effective hamiltonian, including (7.4), we are in position to com-
pute form factors. Let us consider the time-like form factor defined as the light-cone 1PI
amplitude for W± decay into on-shell B and π mesons:
F±(q2) = C
〈
B(ωq+); π((1− ω)q+)
∣∣∣(q− − P−0 ) 1q− − P−eff + i0(q− − P−0 )
∣∣∣W±(q+)〉
1PI
.
(7.7)
In this formula the factors (q− − P−0 ) amputate external propagators, and the constant
C =
4π
e
q+
√
P+B P
+
π
defines F± compatible with the conventions in ref. [6]. Also, ω ≡ P+B /q+ is the light-cone
momentum fraction carried by the B meson. It becomes a function of q2 once conservation
of light-cone energy is enforced for on-shell B and π mesons,
q2 =
µ2B
ω
+
µ2π
1− ω . (7.8)
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Fig. 3: Form factor diagram for the decay W± → B + pi.
The 1/N expansion of the form factor is generated by expanding the propagator
in (7.7). The first term (free propagation) vanishes because of the kinematics, and the
second term (one intermediate interaction) also vanishes because there are no couplings
for direct decay of W± into two mesons in our effective hamiltonian (7.4). So, the O (1)
contribution involves at least two intermediate interactions, and we can separate it from
the 1/N corrections as (see fig. 3):
F±(q2) =
∑
M1,M2
〈
Bπ
∣∣∣(q− − P−0 ) 1q− − P−eff + i0(q− − P−0 )
∣∣∣M1M2〉
1PI
× C
〈
M1M2
∣∣∣ 1
q− − P−0 + i0
H(2← 1)
2
√
N
1
q− − P−0 + i0
√
NH(Bn←W±)
∣∣∣W±〉
1PI
,
(7.9)
where H(2 ← 1) stands for H(2,1) + H ′(2,1)/N . The intermediate state of two mesons is
either a Bℓ, πm state or a Bℓ, ηm state, and the corresponding propagator and measure
contribute a factor:
q+
∫ 1
0
dz
2q+
q2 − µ2ℓz − µ
2
m
1−z
,
where µℓ is the mass of Bℓ and µm that of πm or ηm. Also, z ≡ P+Bℓ/q+ is the light-cone
momentum fraction of the Bℓ resonance, and the extra factor q
+ is the Jacobian from the
intermediate light-cone momenta to the momentum fraction z. The remaining propagator
in formula (7.9) carries a Bn resonance of mass µn, created out of the vacuum by the
current, and it contributes a factor 2q+/(q2 − µ2n).
Now, putting everything together, in terms of the meson decay constant, fn ≡∫
dxφn(x), we can write:
F+(q2) = 2q+
g2N
π
∑
n
fnTn(q
2)
q2 − µ2n
,
F−(q2) = − 1
q+
g2N
π
∑
n
(−)nfnµ2nTn(q2)
q2 − µ2n
.
(7.10)
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In the second relation we have made use of the so-called parity relation,
mqmQ
∫ 1
0
dx
φn(x)
x(1− x) = (−)
nµ2nfn .
which was proved in ref. [4]. The function Tn(q
2) contains all 1/N corrections and is of
the form:
Tn(q
2) = T (Bn|B π;ω) + 1
N
T ′(Bn|B π;ω) + ∆Tn(q2) . (7.11)
Here we separated the leading term from the first correction, given by the singlet three-
meson coupling, and ∆Tn which includes meson exchange:
∆Tn(q
2) =
∑
ℓ,m
∫ 1
0
dz
[
T (Bn|Bℓ πm; z) + 1
N
T ′(Bn|Bℓ πm; z)
]
×
√
ω(1− ω)
z(1− z)
2(q+)2
q2 − µ2ℓz − µ
2
m
1−z
[
G(Bℓ πm; z|B π;ω) +G(πmBℓ; 1− z|B π;ω)
]
+
∑
ℓ,m
∫ 1
0
dz
[
T (Bn|ηmBℓ; 1− z) + 1
N
T ′(Bn|Bℓ ηm; z)
]
×
√
ω(1− ω)
z(1− z)
2(q+)2
q2 − µ2ℓ
z
− µ2m
1−z
[
G(Bℓ ηm; z|B π;ω) +G(ηmBℓ; 1− z|B π;ω)
]
.
(7.12)
G(2meson|B π;ω) represents the amputated Green’s function for the (2meson → B π)
transition in formula (7.9). To leading order (1/N), there are nine diagrams contributing
to the various four-point Green’s functions G. They are listed in fig. 4 with the correspondig
combinatorial factors. We have either irreducible four-meson vertices for direct processes
like (Bℓ, πm)→ (B, π), or two sucessive three-meson interactions coming with two different
time orderings, like (Bℓ, πm)→ (Bℓ, πk, π)→ (B, π) and (Bℓ, πm)→ (B, πk, πm)→ (B, π).
For example, the total O (1/N) contribution to ∆Tn due to B, η exchange is given by the
diagrams 4c, 4h and 4i. The remaining six diagrams correspond to B, π exchange. Because
of the propagator supression diagrams 4f and 4g are smaller than diagrams 4a, 4b, 4d and
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Fig. 4: Diagrams contributing to various four-point Greens’s functions.
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4e which read:
∆Tn(q
2)B,π channel = − 1
N
g2N
π
∑
ℓ,m
∫ 1
0
dz
T (Bn|Bℓ πm; z)
q2(z − z+)(z − z−)
×
{
FB2+D2(Bℓ πm; z|B π;ω) + 1
2
FBD(Bℓ πm; z|B π;ω)
− 2 g
2N
π
∑
k
k+m=odd
[
θ(ω − z)ωz T (B|Bℓ πm;
z
ω )T (πm|πk π; ω−z1−z )
µ2B(z − ωz′+)(z − ωz′−)
+ θ(z − ω) (1− ω)(1− z) T (Bℓ|B πm;
ω
z )T (π|πk πm; z−ω1−ω )
µ2π(z − (1− ω)z′′+)(z − (1− ω)z′′−)
]}
+O
( 1
N2
)
,
(7.13)
where z± variables are defined in terms of the function
Z±ab(p
2) ≡ 1
2p2
(
p2 + µ+µ− ±
√
(p2 − µ2+)(p2 − µ2−)
)
, µ± ≡ µa ± µb , (7.14)
by the equations:
z± = Z±ℓm(q
2) , z′± = Z
±
mk(µ
2
B) , z
′′
± = Z
±
ℓk(µ
2
π) .
We see how light-cone perturbation theory makes explicit the spectral decomposition
(unitarity). Looking at the cuts induced by the functions (7.14) we identify the thresholds
for Bn → Bℓ, πm in all diagrams [from the common factor in (7.13)]. The thresholds for
πm, Bℓ → B and πk, πm → π can also be identified in the last two diagrams, as functions of
µ2B and µ
2
π, respectively. As usual, the pseudo-thresholds at µ− should fall on unphysical
sheets.
In order to estimate the size of 1/N corrections to the form factors, we evaluated
numerically some contributions to ∆Tn(q
2) for B, π channel given by expression (7.13).
We performed calculations for n = 2 (which corresponds to the first state above threshold),
and at the on-shell value of q2 = µ2B2 . The bare quark masses we used are: m
2
q =
0.3136 and m2Q = 2000. The leading order contribution to the form factor in this case is
T (B2, Bπ;ωon−shell) ≈ 37. We estimated a number of terms in the sum in eq. (7.13) and
found that the largest contributions from the T × F terms are ≈ 0.5 − 0.1, while those
of T × T × T are ≈ 5 × 10−3. Also, these values decrease for higher resonances in the
intermediate states. We also found that not all terms we calculated have the same sign
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which makes bounding the total contribution a little difficult. However, it is safe to say that
the correction is not larger than 1− 2%. We also mention that the 1/N correction coming
from the subleading three-meson coupling 1N T ′(B2, Bπ;ωon−shell) ≈ 0.8 (for N = 3).
Finally, we expect these corrections to become much larger as we approach the chiral limit
(as was the case with corrections to the spectrum discussed in sect. 6). When computing
form factors, however, one should use the renormalized values of the quark masses, and
our previous analysis suggests that even if we start with a light quark mass close to the
chiral limit, 1/N corrections will renormalize it to ≈ 0.3− 0.4. This explains our choice of
parameters mentioned above. Although it might be interesting to explore these questions
in more detail, as well as to estimate ∆Tn(q
2) for different values of q2 (as is shown for
the leading contribution in Fig. 5), it is beyond our computational resources at this time
to perform such calculations.
The 1/N expansion we have derived for F±(q2) is all we need to get both vector and
axial current form factors. It is convenient to define the combinations f±(q2) through:
qµF
µ(q2) = (µ2B − µ2π)f+(q2) + q2f−(q2) ,
ǫµνq
µF ν(q2) = 2ǫµνp
µ
Bp
ν
πf+(q
2) .
(7.15)
In solving for f± from (7.15) and (7.10) one encounters some non-trivial steps. Namely,
non-pole terms vanish because of the identity∗
∞∑
n=0
fn Tn(q
2) = 0 .
This relation can be proved using the explicit form of T (Bn|2mesons) and T ′(Bn|2mesons)
listed in Appendix A, and the identity:∑
n
fn φn(x) = 1 , (7.16)
which for x ∈ [0, 1] follows from the definition of fn and the completeness of the wave
functions [5].
Defining the generalized coupling gn as
gn(q
2) =
2µ2n
µ2
B
ω
− q2ω
g2N
π
Tn(q
2) , for evenn ,
gn(q
2) = 2µ2n
g2N
π
Tn(q
2) , for oddn .
(7.17)
∗ The same identity was found to leading order in ref. [6].
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the final result for f± reads:
f+(q
2) =
∑
evenn
fngn
q2 − µ2n
,
f−(q2) =
1
q2
∑
oddn
fngn
q2 − µ2n
− µ
2
B − µ2π
q2
∑
evenn
fngn
q2 − µ2n
.
(7.18)
So, we see that the 1/N expansion we derived for Tn(q
2) contains the corrections to f±(q2).
In particular, keeping the leading term in (7.11) and recalling the expression for the three-
point vertex T (Appendix A) we make contact with the result of Grinstein and Mende [6].
The couplings gn for even and odd n (odd and even parity, respectively) are related
to the couplings appearing in a low energy meson effective lagrangian. In the notation of
ref. [6] we have the tree level structures:
Lint =
∑
abc
1√
N
gˆabcφaφbφc ,
for even parity couplings, and
Lint =
∑
abc
1√
N
gˆabcǫ
µν∂µφa∂νφbφc ,
for the odd parity couplings. Here φa represent meson interpolating fields and gˆnBπ =
gn(q
2 = µ2n)/µ
2
n. According to the analysis in ref. [6], all the on-shell effective couplings
vanish in the chiral limit except the first one, n = 0, which approaches gˆBBπ ≃ 1. It is
interesting to note though, that for non-zero pion mass the even and odd effective couplings
have quite different sizes. Because no extra kinematical factor appears in the definition
(7.17) for even parity couplings, gˆn for odd n is typically ten times bigger than gˆn for even
n.
The mechanism for the chiral supression is very interesting in itself. For resonances
above threshold, µ2n > (µB + µπ)
2, the on-shell coupling can be directly obtained from
the value of the vertex function, T at the point ω = ω(q2 = µ2n), as solved from eq. (7.8).
In fig. 5 we localize this point on the T graph for two different light quark masses. It is
amusing to see that the source for the supression is not the shrinking of the T function
itself, but the purely kinematical displacement of on-shell value of ω so that the value of the
on-shell coupling “rolls down” to the left of the vertex peak as we approach the chiral limit.
The vertex function itself actually grows in absolute value as we set mq → 0. This means
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Fig. 5: Vertex function T (B2|B0, pi0;ω) for the heavy quark mass m
2
Q = 2000 and
two different values of the light quark mass: (a) m2q = 0.3136, (b) m
2
q = 0.01. Dots
mark the values of the on-shell couplings.
that non-local effects, missed by the local expansion of an effective lagrangian, may become
very important for certain values of the parameters. When computing 1/N corrections in
the full theory, it is the whole T function what enters as integrand in loop diagrams, and
we see that an estimate of the corrections based on the size of the effective low-energy
coupling might not be correct, as compared to the complete non-local computation.
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8. A comment on analyticity
When using the formulas of the preceeding section for f±(q2) inside dispersion rela-
tions one should shift to the pole: q2 → µ2n. Actually, the question of analyticity is a subtle
one in this formalism. Because we work in a non-covariant gauge, in a singular frame (the
light-cone quantization surface), and with non-local effective interactions (the Coulomb
force), the analyticity of the off-shell Green’s functions is not manifest. In fact, as shown
in refs. [4,5], analyticity can be directly verified in particular examples, although it follows
from rather non-trivial identities satisfied by the bound-state wave functions.
From the point of view of our effective hamiltonian (7.4) the problem is very clear.
Since we have vertices forW emission by mesons, but no possibleW decay into two mesons,
we see that crossing symmetry is not manifest at tree level. To be more explicit, consider,
for example, the space-like form factor F+(q2), defined as the 1PI amplitude for B decay
into W+ and π:
F+(q2)s−l = C
〈
W+(q+); π(P+ − q+)
∣∣∣(q− − P−0 ) 1q− − P−eff + i0(q− − P−0 )
∣∣∣B(P+)〉
1PI
.
(8.1)
Now we have an extra O (1) contribution to (8.1) coming from the direct vertex B →
W+ + π with the final result:
F+(q2)s−l = 2q+
g2N
π
∑
n
fnT (B|Bn π; z)
q2 − µ2n
+ 2P+ (1− z)
∫ 1
0
dx φB(z + (1− z)x)φπ(x) ,
(8.2)
where z ≡ q+/P+. So, in addition to the superposition of resonances of the same form as
in eq. (7.10), we get a quark model-type contribution due to the bare emission of W+ by
the heavy quark. (Formula (8.2) agrees with the Bethe-Salpeter analysis of ref. [5].)
As a consequence, eq. (8.2) seems to favor a two-component model for form factors
(with bare, quark-model terms). In fact, there is no contradiction between (8.2) and
(7.10), due to the subtle analytic properties of the three-vertex functions. We see that the
time-like kinematics,
q2 =
µ2B
ω
+
µ2π
1− ω ,
and the space-like kinematics,
µ2B =
q2
z
+
µ2π
1− z ,
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are related by crossing: Bn ↔ B; q2 ↔ µ2B ; z ↔ ω. If we apply the crossing transforma-
tion to the three-vertex T (Bn|B π;ω) appearing in (7.10), and analytically continue wave
functions through ’t Hooft equation for x /∈ [0, 1]:
φn(x) =
(
µ2n
g2N/π
− xQ − 1
x
− xq − 1
1− x
)−1
−
∫ 1
0
dy
φn(y)
(y − x)2 ,
and further use the identity (7.16) we easily recover result (8.2).
Thus, in this formalism, the two-component model picture and the pure pole-
dominance picture are complementary. Direct computation of the decay in the real kine-
matical region q2 < (µB−µπ)2 leads to eq. (8.2) and it looks like a two-component model.
However, one cannot relate directly the three-meson coupling function T (B|Bnπ; z) ap-
pearing in (8.2) to the three-meson coupling in a low-energy lagrangian because q2 = µ2n
cannot be reached with z ∈ [0, 1]. When the appropriate analytic extension to q2 >
(µB + µπ)
2 is considered, the quark model-type term is already included in the definiton
of T (Bn|Bπ;ω), which is directly related to the low-energy coupling when put on-shell,
q2 = µ2n. As it was pointed out by Jaffe and Mende [19], inside dispersion relations one
must use a sum rule to compute the residue at the poles outside the time-like kinematical
region, µ2n < (µB+µπ)
2, because the interval (µB−µπ)2 < q2 < (µB+µπ)2 is not covered
by either of the definitions (7.7) or (8.1).
9. Conclusions and outlook
In this paper we have discussed some aspects of the interplay between the large-N
expansion and light-cone techniques in QCD. Because of the special properties of light-
cone Fock spaces the large-N bound-state problem reduces to linear equations for the
asymptotic bound states, without any need for complicated combinatorial arguments in-
volving Feynman diagrams. Once the large-N solution is known, the definition of effective
many-body hamiltonians renders the 1/N expansion in terms of the asymptotic degrees
of freedom completely systematic, and provides a diagrammatic technique for the meson-
glueball theory.
Although the general features of the method are largely independent of the space-time
dimension, quantitative results were reported only for the case of two-dimensional QCD
with fermions in the fundamental representation. This is because the effective hamiltonians
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must be computed in terms of the large-N solution, and the ’t Hooft model is the only
QCD-like theory for which a complete and simple parametrization of the large-N physics
is known.
The main result of our analysis of 1/N corrections in QCD2 is that 1/N = 1/3 is
effectively a small parameter, at least for moderately heavy quarks. The effective meson
hamiltonian is weakly coupled with 1/N corrections to spectrum and form factors of order
a few percent at most. However, the chiral limit looks rather singular as far as 1/N
corrections are concerned. In particular, it seems unlikely that the chiral supression of
higher resonances in B-meson form factors, as discussed in ref. [6], could survive 1/N
corrections in the strict chiral limit. This is in fact very natural because Coleman’s theorem
forbids spontaneous symmetry breaking in the interacting model. It is well known that the
N =∞ theory of mesons is non-interacting, and it simulates a scenario of chiral symmetry
breaking, but we do not expect the two limits to commute. Indeed, from our analysis of
spectrum corrections in sect. 6 we find that 1/N corrections renormalize the light quark
masses in such a way that the chiral symmetry point becomes unstable. As a result, QCD2
does not seem to be a good model for chiral dynamics beyond the planar limit.
A general feature of the light-cone effective hamiltonians discussed here is that no
low-energy expansion is required in principle, not even in practice for the two-dimensional
case. In particular, we have pointed out some non-local effects for light quark masses
that could be underestimated by local effective lagrangians. We also explained how some
standard analyticity properties are obtained in a very indirect way in this formalism, in
terms of non-trivial identities satisfied by the bound-state wave functions.
An interesting point not developed in this paper is the formal analogy between our
effective hamiltonians and those of light-cone string field theory. This analogy is based on
both the structure of the states in the Fock space representation, and also the perturbation
technique. In ref. [21] it was shown that a Nambu-Goto open string with massive ends,
quantized in the light-cone gauge, leads to ’t Hooft bound-state equation as mass-shell
condition. Thus, we can conjecture that our effective meson hamiltonian provides the
string field theory construction for this string in the light-cone gauge. However, ’t Hooft
wave functions enter our construction only as an input. As a consequence, no further
insights are provided towards a string interpretation of QCD2 in terms of the Gross-Taylor
mapping rules [22], which can be considered as the ab initio definition of the pure Yang-
Mills string.
31
Finally, regarding the four-dimensional generalization of these techniques, we may
say that any practical application of effective light-cone hamiltonians to the computation
of hadron interactions requires a good quantitave understanding of the large-N bound-
state problem. Exact bound-state integral equations can be derived within the light-
cone method, and the main simplification attained by the large-N limit is not a smaller
hamiltonian, but a much simpler Fock space structure. This fact, combined with the
structure of the corrections outlined in this paper, makes clear that the 1/N expansion is
a very interesting tool in the light-cone approach to QCD.
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Appendix A. Vertex functions
We collect here the explicit expressions for the vertex functions as convolutions of
wave functions. It is appropriate to define some related useful quantities like the meson
decay constant,
fn ≡
∫ 1
0
dx φn(x) , (A.1)
the quark-antiquark-meson vertex,
Φn(x) ≡ −
∫ 1
0
dy
φn(y)
(x− y)2 , (A.2)
and the quark-antiquark-meson-meson vertex,
Ψn,m(x; z, ω) ≡ −
∫ 1
0
dy
φn(y)φm(
z
ω
y)
(x− y)2 . (A.3)
We also recall the action of the symmetry operators: the charge conjugation operator,
C : φ(x)→ φ(1− x) ,
32
the permutation operator on the right,
PR ≡ (R1 ↔ R2;ω ↔ 1− ω) ,
and similarly for PL acting on L-labels and z.
We can now write the triple-meson vertex functions:
T (L|R1R2;ω) = (1− CPR) 1
1− ω
∫ ω
0
dxφL(x)φR1
(x
ω
)
ΦR2
(
x− ω
1− ω
)
=
1
1− ω
∫ ω
0
dxφL(x)φR1
(x
ω
)
ΦR2
(
x− ω
1− ω
)
(A.4a)
− 1
ω
∫ 1
ω
dxφL(x)φR2
(
x− ω
1− ω
)
ΦR1
(x
ω
)
,
and
T ′(L|R1R2;ω) = (1− C) fR2
1− ω
∫ ω
0
dxφL(x)φR1
(x
ω
)
. (A.4b)
The four-meson vertices coming from the BB +DD terms read:
FB2+D2(L1L2; z|R1R2;ω) = (1 + CPR)
[
−θ(ω − z)1− ω
z
∫ 1
0
dxφL2
(
1− ω
1− z x
)
φR2(x)
×ΨL1R1
(
1− (1− x) 1− ω
z
; z, ω
)
+ (L↔ R, ω ↔ z)
]
, (A.5a)
and
F ′B2+D2(L1L2; z|R1R2;ω) = (1 + C)
[
−θ(ω − z) z(1− ω)
(z − ω)2
∫ 1
0
dxφL1(x)φR1
( z
ω
x
)
×
∫ 1
0
dy φL2
(
1− ω
1− z y
)
φR2(y) + (L↔ R, ω ↔ z)
]
. (A.5b)
Finally, the four-point vertices from the BD terms are given by:
FBD(L1L2; z|R1R2;ω) =
[
2θ(ω − z) 1− ω
z
∫ 1
0
dxφL2
(
1− 1− ω
1− z x
)
φR2(1− x)
×ΨL1R1
(
ω
z
+ (1− x) 1− ω
1− z ; z, ω
)
+ (L↔ R, ω ↔ z)
]
, (A.6a)
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and
F ′BD(L1L2; z|R1R2;ω) = (1 + C)
[
θ(ω − z) z(1− ω)
(z − ω)2
∫ 1
0
dxφL1(x)φR1
( z
ω
x
)
×
∫ 1
0
dy φL2
(
1− 1− ω
1− z y
)
φR2(1− y) + (L↔ R, ω ↔ z)
]
. (A.6b)
References
[1] G. ’t Hooft, Nucl. Phys. B72 (1974) 461.
[2] E. Bre´zin and S. R. Wadia, The Large N Expansion in Quantum Field Theory and
Statistical Physics – From Spin Systems to 2–dimensional Gravity, (World Scientific,
Singapore, 1993).
[3] G. ’t Hooft, Nucl. Phys. B75 (1974) 461.
[4] C. G. Callan, N. Coote and D. J. Gross, Phys. Rev. D13 (1976) 1649.
[5] M. B. Einhorn, Phys. Rev. D14 (1976) 3451.
[6] B. Grinstein and P. F. Mende, “Form Factors in the Heavy Quark and Chiral
Limit: Pole Dominance in B¯ → πeν¯e,” Preprint Brown HET-930, SSCL-549, hep-
ph/9401303.
[7] B. Grinstein and P. F. Mende, “Exact Heavy to Light Meson Form Factors in the
Combined Heavy Quark, Large Nc and Chiral Limits,” Preprint Brown HET-928,
hep-ph/9312353.
[8] S. J. Brodsky and H.-C. Pauli, “Light-Cone Quantization of Quantum Chromodynam-
ics,” Lectures at the 30th Schladming Winter School in Particle Physics, SLAC-PUB-
5558 (1991).
[9] C. B. Thorn, Phys. Rev. D20 (1979) 1435.
[10] P. A. M. Dirac, Rev. Mod. Phys. 21 (1949) 392.
[11] S. Weinberg, Phys. Rev. 150 (1966) 1313.
[12] S. Dalley and I. R. Klebanov, Phys. Rev. D47 (1993) 2517;
G. Bhanot, K. Demeterfi and I. R. Klebanov, Phys. Rev. D48 (1993) 4980;
K. Demeterfi, I. R. Klebanov and G. Bhanot, Nucl. Phys. B418 (1994) 15.
[13] I. Tamm, J. Phys. (Moscow) 9 (1945) 449;
S. M. Dancoff, Phys. Rev. 78 (1950) 382;
R. J. Perry, A. Harindranath and K. Wilson, Phys. Rev. Lett. 65 (1990) 2959.
34
[14] K. Hornbostel, The Application of Light-Cone Quantization to Quantum Chromody-
namics in (1+1) Dimensions, Ph.D. thesis, SLAC report No. 333 (1988).
[15] I. Bars and M. B. Green, Phys. Rev. D17 (1978) 537.
[16] M. Durgut, Nucl. Phys. B116 (1976) 233.
[17] E. Witten, Nucl. Phys. B160 (1979) 57.
[18] A. J. Hanson, R. D. Peccei and M. K. Prasad, Nucl. Phys. B121 (1977) 477.
[19] R. L. Jaffe and P. F. Mende, Nucl. Phys. B369 (1992) 189.
[20] C. B. Thorn, Phys. Rev. D20 (1979) 1934.
[21] I. Bars and A. J. Hanson, Phys. Rev. D13 (1976) 1744.
[22] D. J. Gross, Nucl. Phys. B400 (1993) 161;
D. J. Gross and W. Taylor, Nucl. Phys. B400 (1993) 181; B403 (1993) 395.
35
